The reaction concept, introduced by Rumsey in 1954, describes interaction between time-harmonic electromagnetic sources through the fields radiated by the sources. In the original form the concept was a scalar quantity defined by three-dimensional field and source vectors. In the present paper, the representation is extended to four dimensions applying differential-form formalism. It turns out that, in a coordinate-free form, the reaction concept must actually be a one-form, whose temporal component yields Rumsey's scalar reaction. The spatial one-form component corresponds to a three-dimensional Gibbsian-vector reaction which consists of electromagnetic force terms.
Introduction
The concept of reaction between two electromagnetic sources was introduced by V.H. Rumsey in 1954 as "a physical observable like mass, length, charge, etc." [1, 2] . Assuming two sets of monochromatic time-harmonic electric and magnetic current sources J 
where R ab is the reaction density,
The subscript () g is added to emphasize the 3D Gibbsian vector character of the quantities [3] , to distinguish them from the 4D differential-form representations of the same physical quantities discussed in the subsequent Section.
The integration in (1) is over a finite region V a which contains the sources a and excludes the sources b. The minus sign between the terms in (1) can be justified by the minus sign in the Maxwell equations, see Appendix for a clarification.
The system is reciprocal when the condition
is valid [1] . When the sources a and b are in different media, the reciprocity principle must be taken in mdified form [4, 5, 6] .
Obviously, the reaction (1) is a scalar quantity. In [1] , the reaction involving electric charges ̺ e as the sources was defined by
In this case, the reaction is a vector quantity: the force exerted by the electric field b on the electric charge a.
Over the years following its introduction, the reaction concept (1) has found application in solving electromagnetic problems. For example, impedance parameters of multiport networks, resonant frequencies of cavities, cut-off frequencies of waveguides, input impedances of antennas and scattering cross sections of obstacles could be shown to be proportional to reaction quantities, which helped finding simple numerical solutions to practical problems [7, 8, 9, 10, 11, 12] .
It would be interesting to generalize the reaction concept so that both (1) and (4) would fall under the same definition. For this we need a tour through the 4D formalism. Previously, the reaction concept (1) has been generalized to sources of more general time-dependence [13, 14] . However, here we assume time-harmonic sources and fields. Also, the medium is assumed isotropic with parameters ǫ o , µ o , for simplicity.
4D Representation of Quantities
Assuming a 3D vector basis e 1 , e 2 , e 3 , let us expand the Gibbsian field and source vectors as
The two scalar quantities appearing in the definition of the reaction density (2) have the expansions
Applying the 4D formalism, the spatial 3D vector basis will be extended by a temporal vector e 4 . The electric and magnetic Gibbsian field vectors E g , H g are represented by field one-forms E, H. Details of the formalism applied here can be found in [15, 16] . A spatial basis of one-forms ε 1 , ε 2 , ε 3 with the temporal one-form ε 4 is chosen dual to the basis of vectors e i as to satisfy e i |ε j = δ ij . The field one-forms can be expanded as
where Γ s is the spatial metric dyadic [15] ,
mapping spatial vectors to spatial one-forms. Its spatial inverse
maps one-forms to vectors.
The Gibbsian source vectors J eg , J mg are represented by source two-forms J e , J m defined by
The wedge products of basis one-forms ε ij = ε i ∧ ε j make a basis of two-forms. ε 123 = ε 1 ∧ ε 2 ∧ ε 3 is the spatial three-form and ε N = ε 1234 is the basis four-form. Basis bivectors are defined by e ij = e i ∧ e j , trivectors by e ijk and e N = e 1234 is the quadrivector formed by the basis vectors. ⌊ is the contraction operation satisfying
Applying
the reaction density (2) can be expressed in terms of 4D quantities as
Extending the Reaction Concept
Let us further express the reaction density (32) in terms of more general 4D field and source quantities. The basic electromagnetic two-forms are defined by [15] 
where B and D are spatial field two-forms. Since J e ∧ B and J m ∧ D are spatial four-forms, they actually vanish, whence (32) takes the form
The electric and magnetic source three-forms are defined by [15] γ e = ̺ e − J e ∧ ε 4 ,
where ̺ e = ̺ e ε 123 and ̺ m = ̺ m ε 123 denote electric and magnetic charge three-forms. The source two-forms J e and J m can be obtained from the corresponding three-forms through contraction as
Substituting these in (32) yields the expression
It is desirable to find a representation which is independent of the chosen basis. Obviously, (41) depends on e 4 , chosen to represent the temporal basis vector. Multiplying the expression by the corresponding temporal one-form
and replacing the dyadic product e 4 ε 4 by the unit dyadic I = e i ε i , the scalar quantity R ab gives rise to the coordinate-independent one-form
Because the scalar (2) can be obtained as the temporal component of the one-form (43),
R ab can be conceived as a generalization of the scalar reaction density R ab . Because all quadrivetors are multiples of one another, the basis quadrivector e N could be replaced by any other quadrivector, whence the reaction density quantity is actually nonunique. However, the scalar factor cancels out in the reciprocity rule (3).
Spatial Component of Reaction Density One-Form
Since the temporal component of the extended reaction density (43) yields the classical reaction density, it is interesting to study more closely its spatial component. Denoting the spatial unit dyadic by
the spatial component of the generalized reaction density (43) is defined by
we can expand the first term of (46) as
The last term of (53) can be verified by expanding the two-forms B and J e in their components. The second term of (46) can be expanded similarly as
Combining the expressions, the spatial part of the extended one-form reaction density one-form (43) corresponds to the Gibbsian vector quantity
in terms of which the total reaction density vector can be expressed as
which is a generalization of the scalar quantity (2) . The spatial vector consists of terms corresponding to forces on electric and magnetic charges and Lorentz forces on electric and magnetic currents.
Conclusion
The classical reaction concept, introduced by V.H. Rumsey in 1954, has been generalized in four-dimensional formalism from a scalar quantity to a one-form quantity. This corresponds in Gibbsian three-dimensional formalism to a combination of scalar and vector components. The reaction one-form is independent of the choice of temporal basis one-form. The novel Gibbsian vector component consists of force terms on electric and magnetic charge and current sources. In this analysis, the medium is assumed isotropic, and the sources and fields are assumed to have monochromatic time-harmonic time dependence.
Appendix: Justification of Rumsey's Expression
To justify the minus sign in Rumsey's expression for the reaction (1), let us assume that the reaction of an Gibbsian vector electric source J a eg is of the form
Let us add another electric source, which is actually a magnetic source J a m , which in an isotropic medium can be represented by the equivalent electric source [17, 18] 
In this case, the reaction can be expressed as 
The divergence term vanishes when the volume of integration has a boundary outside the sources a. In this case the expression reduces to that of (1), thus justifying the minus sign between the two terms.
